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The mutual influences caused by dynamic couplings in large-scale systems increase the difficulty
in the design and analysis of distributed model predictive control (DMPC), and require information
exchange among subsystems which calls for a scheduling strategy to save communication resources
in communication-limited environments. To circumvent the two problems, we design a rolling self-
triggered DMPC strategy for large-scale dynamically coupled systems with state and control input
constraints. First, the optimal control problem where the cost is subject to the coupled dynamic and
the constraints are subject to the uncoupled counterpart is proposed, forming the dual-model DMPC
that is simple in design and analysis but yields good control performance. Second, the information
exchange only occurs at some specified triggering instants determined by a rolling self-triggered
mechanism, saving communication resources more significantly. The effectiveness of the designed
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strategy is verified by numerical simulations.
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1. Introduction

Many practical systems, such as hydropower plants (Han-
mandlu & Goyal, 2008), urban traffic (Eini & Abdelwahed, 2019),
and supply chains (Fu, Zhang, Dutta, & Chen, 2019), are large-
scale systems and can be formulated by nonlinear dynamics
consisting of several dynamically coupled subsystems. For such
large-scale systems, it is often impossible to implement a cen-
tralized control strategy. Even if such a centralized control strat-
egy can be implemented, the resultant high computational com-
plexity renders it impractical (Antonelli, 2013). Therefore, for
such large-scale systems, a distributed counterpart is often em-
ployed because it reduces computational complexity by distribut-
ing decisions based on all subsystems (Dunbar, 2007). Moreover,
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constraints, i.e., physical limits, system safety, and desired per-
formance, often exist in practical systems. In this context, the de-
sired control strategy should have a distributed control structure
and can handle constraints.

Distributed model predictive control (DMPC), which can han-
dle constraints, has found wide applications in large-scale cou-
pled systems, see, for example, Alessio, Barcelli, and Bemporad
(2011), Dunbar (2007), Hans, Braun, Raisch, Griine, and Reincke-
Collon (2018), Jia and Krogh (2002), Liu, Abbas, and Velni (2018),
Liu, Shi, and Constantinescu (2014), Ma, Liu, Zhang, and Xia
(2020), Magni and Scattolini (2006) and Shalmani, Rahmani, and
Bigdeli (2020). Studies can be classified into two categories ac-
cording to how they deal with mutual influences between sub-
systems caused by dynamic couplings.

In the first category, coupling terms are treated as external
disturbances (Alessio et al.,, 2011; Jia & Krogh, 2002; Liu et al,,
2014; Magni & Scattolini, 2006). For example, the works in Alessio
et al. (2011), Liu et al. (2014) and Magni and Scattolini (2006)
ignore mutual influences in the predictive model of each subsys-
tem, and the analysis is conducted by using the upper bound of
mutual influences. While in Jia and Krogh (2002), mutual influ-
ences are viewed as the disturbances in the predictive model, and
a min-max feedback DMPC strategy is investigated. In general,
the design and analysis methods of the DMPC strategy in this
category are simple, as they can be borrowed from those in
conventional centralized MPC for perturbed systems. However,
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the predictive model in the optimal control problem (OCP) is
inaccurate, resulting in poor control performance (Ma, Liu, Zhang,
& Xia, 2020; Shalmani et al., 2020).

In the second category, the coupling terms in each subsystem,
which are predicted by using the information transmitted from
other subsystems via communication networks, are exploited in
the predictive model. In this context, many different DMPC strate-
gies for large-scale coupled systems are investigated, see, e.g., the
robust non-iterative DMPC strategy in Ma, Liu, Zhang, and Xia
(2020), the iterative Nash-based robust DMPC strategy in Shal-
mani et al. (2020), and the distributed receding horizon control
strategy in Dunbar (2007). It is noteworthy that the utilization of
the information from other subsystems in this category helps to
improve the prediction precision, thereby obtaining better control
performance. Nevertheless, the coupling terms in the predictive
model complicate the analysis of the feasibility of the OCP and
the stability of the overall systems. To be specific, to guarantee
feasibility and stability, some extra constraints (Dunbar, 2007;
Ma, Liu, Zhang, & Xia, 2020), e.g., consistency constraint (Dun-
bar, 2007), and some auxiliary parameters that should satisfy
stringent equality and inequality conditions, are added in the
OCP, which increases the design complexity. Moreover, the re-
quired periodic information exchange among subsystems occu-
pies communication resources, which may be not affordable in
communication-limited environments.

To save communication resources, a promising approach is
to incorporate DMPC with an event- or self-triggered mecha-
nism (Berkel & Liu, 2018; Eqtami, Heshmati-Alamdari, Dimarog-
onas, & Kyriakopoulos, 2013; Hashimoto, Adachi, & Dimarogonas,
2014; Kang, Wang, Li, Xu, & Zhao, 2022; Liu, Li, Shi, & Xu, 2020;
Ma, Liu, Zhang, Liu, & Xia, 2020; Zhou, Li, Xi, & Gao, 2022). In this
way, the OCP is solved and the information among subsystems
is exchanged only when some prescribed conditions are met.
In event-triggered DMPC, states are continuously sampled to
check whether the event is triggered. Related works on event-
triggered DMPC for coupled systems can be found in Berkel
and Liu (2018), Kang et al. (2022), Liu et al. (2020), Ma, Liu,
Zhang, Liu, and Xia (2020) and Zhou et al. (2022). For coupled
linear systems, event-triggered DMPC with a fixed prediction
horizon (Berkel & Liu, 2018; Zhou et al.,, 2022), and an event-
triggered DMPC scheme with an adaptive prediction horizon (Ma,
Liu, Zhang, Liu, & Xia, 2020) are proposed. For coupled nonlin-
ear systems, a novel distributed event-triggered strategy and a
compound event-triggered DMPC strategy are developed in Kang
et al. (2022) and Liu et al. (2020), respectively. To overcome the
drawback of continuous sampling in event-triggered DMPC, self-
triggered DMPC is investigated (Eqtami et al., 2013; Hashimoto
et al., 2014), where the next triggering instant is precomputed
based on the subsystem model as well as the latest predictive
control input and/or state information. However, the estimation
of future system behavior is susceptible to disturbances, leading
to more conservative triggering results compared with event-
triggered DMPC. Furthermore, studies on self-triggered DMPC for
coupled systems have not been reported due to the difficulty in
evaluating the variation of the mutual influences between two
consecutive triggering instants.

In this paper, our task is to design an efficient self-triggered
DMPC strategy for large-scale coupled nonlinear systems. In light
of the above discussion, this task faces two challenges.

(a) How to obtain a DMPC strategy that is easy-to-design and
has good control performance? Note that the DMPC strategy
in the first category is simple in design but yields poor
performance, while the one in the second category is just
the opposite. Therefore, the existing DMPC strategies in both
categories fail to solve this challenge.
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(b) How to design an efficient self-triggered mechanism that
bypasses the evaluation of the variation induced by mu-
tual influences? Note that incorporating the conventional
self-triggered mechanism, see, e.g., Eqtami et al. (2013),
Hashimoto et al. (2014) and Sun, Dai, Liu, Dimarogonas,
and Xia (2019), with the DMPC in the first category is
fairly conservative as only the worst-case mutual influences
are considered. Moreover, combining the conventional self-
triggered mechanism with the DMPC in the second category
is also not the ideal candidate as obtaining an accurate
prediction of this variation is an intractable task.

In this paper, we propose a novel OCP, which inherits both
the advantages from the above two categories, to solve the first
challenge, and improve the self-triggered mechanism which is
first proposed in our conference paper (Wang, Li, Kang, & Zhao,
2021), to handle the second challenge.

The main novelties and contributions are as follows.

e A dual-model OCP is designed, which is simple in design
and yields desirable control performance. Specifically, this
OCP consists of both the coupled model and the decoupled
model, where the coupled model is employed to improve
control performance and the decoupled model facilitates the
design of the constraints and parameters to ensure recursive
feasibility and stability.

e Arolling self-triggered mechanism is developed, which saves
communication resources more efficiently. In this mecha-
nism, the states may be sampled several times between two
consecutive triggering instants and the sampling instants
are determined by using the conventional self-triggered
mechanism in a rolling manner. Based on the sampled
states, the actual state predictive error can be obtained, and
the accurate evaluation of the mutual influences is no longer
a strict requirement.

o Sufficient conditions for recursive feasibility and stability are
established, which are much simpler and easier to be satis-
fied than those obtained by the DMPC strategy in the afore-
mentioned second category. This benefit is also a positive
effect induced by the dual-model OCP.

Notations. Let Z and N denote the nonnegative integers and
positive integers. The symbols R and R" represent real numbers
set and n-dimensional real space. For a symmetric matrix P,
P > 0 means that P is a positive matrix. For a vector x € R",
X', |Ix|| = VxTx, and ||x|[p with P > O denote its transpose,
Euclidean norm and P-weighted norm, respectively. For matrix
P € R™", its maximum and minimum eigenvalue are Amax(P)
and Amin(P), respectively. Given two nonempty sets X and Y,
X@®Y £ {x+y|x € X,y € Y} represents the Minkowski addition
set,and XOY £ {x : x+y € X, Vy € Y} represents the Pontryagin
difference set. Diag{...} denotes a block-diagonal matrix.

2. Problem formulation and preliminaries
2.1. Problem formulation

Consider a large-scale system consisting of M nonlinear in-
terconnected subsystems, which are coupled through states. The
dynamical coupling between subsystems is described by a di-
rected graph G = (M, &), where M = {1,..., M} is the set of
nodes (subsystems) and & C M x M is the set of edges. The
dynamics of ith subsystem is given by

Xi(t) = fix(t), w() + ) gyxi(t)) + wi(t), t > 0, (1)

jeNt!
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where i € M, x;(t) € R" and u;(t) € R™ are state and control
input respectively, and they are constrained by

xi(t) € X, ui(t) € U;. (2)

The sets &; and ; are compact and contain the origin in their
interior. The function g; describes the mutual influences between
subsystems. wi(k) € W; = {w; € RY : |willp, < &,& > 0}
is the disturbance, and P; is the positive definite matrix. The set
N} represents the upstream neighbors of subsystem i, i.e., the
components of subsystem j's state appear in the dynamics of
subsystem i for some j € M\ {i}. ./\/'I.d denotes the downstream
neighbors of subsystem i. Note that j € A} if and only if i € ./\/;.d,
foralli,j € M.

The dynamics of the overall system is

X(t) = F(x(t), u(t)) + w(t)
= f(x(t), u(t)) + g(x(t)) + w(t), (3)

where x = [xT, ..., X[ [T € XCR", X = &y x -+ X Xy, and u =
wh. . ul " e UCRMU=1tx---xty,w=[wl,...,wh]" €
WCR' " W=W; x---xWy,andn=>",_ nm=), ., m.
Furthermore, f(x, u) = [fi(x1, u1)', .. ., fu(xu, un)]" and g(x) =
[Zja\/lu glj(xj)T’ e, Zjej\% gMj(xj)T]T'

Assumption 1 (Dunbar, 2007). The function f; and g are twice
continuous differentiable and satisfy fi(0,0) = 0, g;(0) = 0.
Furthermore, the system (1) has a unique, absolutely continu-
ous solution for any initial condition x;(0), any piecewise right-
continuous x; [0,00) — X,j € A, and any piecewise
right-continuous u; : [0, 00) — U;.

Assumption 2 (Liu et al., 2020). The function f; is Lipschitz con-
tinuous in its argument, i.e., there exists a constant L; depending
on the positive definite matrix P; such that

Ifi(v, u) — fils, Wlip, < Lellv —<llp, (4)
for all (v, ¢, u) € & X & X Uj.

The main objective of this paper is to design a self-triggered
DMPC strategy to stabilize the overall system in (3). This strategy
has two advantages: (i) the proposed strategy is simple in design
and can achieve good control performance; (ii) the triggering
frequency can be significantly reduced to save communication
resources.

2.2. Preliminaries

This section gives some preliminaries, which will be used in
the following design and analysis.

First, we introduce some dynamics to facilitate the design of
the terminal set and local state feedback law, which will be used
in feasibility and stability analysis. Based on (1), the nominal
decoupled dynamics of (1) is expressed as

xi(t) = filxi(t), ui(t)). (5)
Similarly, the nominal dynamics of (3) is
x(t) = F(x(t), u(t)). (6)

Consider the linearized system of (1) and (3) around the origin.
The linearization of (1) around the origin is denoted as
xi(t) = Axi(t) + Biui(t) + Y Agxi(t) + wi(t), (7)
jent
where A; = 9f;/0x;(0,0), A; = 0g;/9x;(0) for j € A}, and
B,‘ = 8ﬁ/aui(0, 0)
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The linearization of (3) around the origin is denoted as
x(t) = Ax(t) + Bu(t) + w(t), (8)

where A = 9dF /9x(0, 0), B = df /9u(0, 0).

Based on the above dynamics, the following two lemmas are
given. Lemma 1 shows that there exists a positive invariant set for
nominal dynamics in (5) with the local state feedback law. Before
giving Lemma 1, an assumption is given.

Assumption 3. For each subsystem i,(i € M), there exists a
decoupled state feedback law K; such that A; = A; + B;K; and
A, = A+ BK are both Hurwitz, where K = Diag(Kj, ..., Ky).

Lemma 1 (Li, Yan, Shi, & Wang, 2015). For the nominal decoupled
subsystem in (5) with Assumption 3 and any given symmetric ma-
trices Q; > 0,R; > 0, there exist a constant ¢; > 0, a matrix
P;, and a state feedback law u;(t) = Kixi(t) € U; such that: (i)
The set ¢i(e;) = {xi(t) € R™ : Vi(xi(t)) < €’} is a positive
invariant set for subsystem in (5) with ui(t) = Kxi(t) € U
(it) VR xe)=fiixice) kimir)) = —||X(f)||2@, Vx(t) € ¢i(e;). Here,
Vi(x(0)) = [Ix(6)II5, Qi = Q + K RiK;, and P; is the solution of the
Lyapunov function PAs + ALP; = —Q;.

Denote Q = Diag{Q;, ..., Qu}, P = Diag{Py,...,Py}, Q =
Diag{Q, ..., Qu}, and A; = Diag{As, ..., Asu}, where Q;, P;, Q;
and A;; are defined in Lemma 1 and Assumption 3, respectively.

Assumption 4 (Dunbar, 2007). The inequality AZP + PA, — (ASTP +
PA;) < 1/2Q holds.

Based on Assumption 4, the positive invariant set ¢(¢) for
nominal system (6) with the state feedback law K can be estab-
lished, which is elaborated in the following Lemma 2.

Lemma 2. For the overall system in (3) with Assumption 1, 3 and
4, there exist a constant ¢ > 0 and a state feedback law u(x) =
Kx(t) € U such that the set (&) = {x(t) € R" : V(x(t)) < ?} is a
positive invariant set for system x(t) = F(x(t), Kx(t)).

Proof. The proof follows the same line of Dunbar (2007) and Liu
et al. (2020), we give a concise proof here.

According to Assumption 4, the derivation of Vy(x(t)) can be
computed as follows

Vi (X(0)) e =Foxce). k)
=x(t)"(ALP + PA,X(t) + 2x(t)" Py (x(t))
2|1 (x(t))lp
Amin(P=12QP=12)|Ix(0)lp

where ¥ (x(t)) = F(x(t), Kx(t)) — A.x(t). Since W — 0 as
lx(t)]lp — 0. There exist constant ¢, and 0 < 8 < 1/2 such

that L5 < (1—28)Amin(P~1/2QP~"/2)/4 such that V;(x(¢)) <

_'an(t)”é holds for all x(t) € ¢(e). This completes the proof.

1
<~ IXOI3(; — (9)

3. Rolling self-triggered DMPC
3.1. Dual-model OCP

Under the self-triggered strategy, information sampling and
control updating occur asynchronously between different subsys-
tems. For each subsystem i, denote t/, r € N as its rth triggering
instant. To obtain an accurate prediction of the state evolution of
subsystem i, an ideal way is to exploit the actual state information
of its upstream neighbors j € A}'. However, the actual state infor-
mation of its upstream neighbors is not available for subsystem
i due to the asynchronous triggering manner. Therefore, at each
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triggering instant t/, each subsystem i constructs the assumed
state information based on the latest information received from
its neighbors, denoted by x]‘?, j € WM. Similarly, subsystem i
transmits its predictive state x{ to its downstream neighbors j, j €
A
To facilitate the OCP definition, we summarize the notation
of different types of state and control input trajectories. For ease
of representation, let -(t; t]) be a variable at time t, where t €
[, 6 +TI

o U;(t; t7) and X;(t; t]) are the predicted control input and state
trajectory of subsystem i.

e Uf(t; t7) and X (t; t]) are the optimal control input and state
trajectory of subsystem i obtained by solving the following
OCP.

e u;(t; t/) is a feasible control trajectory candidate and will
be constructed in the following part. X;(t; t7) is the feasible
state with respect to u;(t; ] ).

e Xi(t; /) is the nominal state.

o x{(t; t[) is the assumed state of subsystem i and will be
constructed in the following part.

Inspired by Aswani, Gonzalez, Sastry, and Tomlin (2013), the
local OCP subsystem i with dual-model is defined by

f7(t; t) = argminJi(&(¢; ), @(t; )

st %(6 ) = f%(e 1), Gt )+ Y gyt 1) (10a)
jent
X(t: 1) = H&(ts ), (s ) (10b)
Xt ) =Xt ) = x(t]) (10c)
xi(t;tH ex;oB(t—t) (10d)
Xi(th +T; t)) € ¢ileisi) (10e)
U(t; tf) e Uy (10f)
Hi(xi(t; £]), Ui(t; £])) < Hi(xi(t; t]), ui(t; t])) (10g)

where t € [t],t] +T], T is the prediction horizon. The tightened
set Bi(t — t[), which is designed to satisfy the actual state con-
straint, will be defined latter. ¢;(a;s;) = {x € R" : ||x|lp, < «j&i}
denotes the terminal set, where ¢; = min{e;, s/«/M}.

The coupled dynamics in (10a) is employed to guarantee a
good control performance. The nominal dynamics in (10b) is used
to guarantee the recursive feasibility. The initial state of (10a)
and (10b) is regarded in (10c). The tightened constraint in (10d)
is designed to satisfy the recursive feasibility and actual state
constraint. (10e) is the terminal constraint. The last constraint in
(10g) is imposed to ensure the stability of each subsystem.

o The assumed state x(t;t),t € [t],t] + Tlj € N'is
constructed as
Xt 1)

- {’?f(t; ni(t), t € [t n(th) +T]

= (11)
Agxi(t: ), t € () + T, ¢ +T1,

where 7;(t]) £ max{l e N : t] < t[}.
e The tightened set B;(t — t]) is defined as

Bi(t —t) = {x € R" : ||x[|p,
_ ity
L

(et — 1)), (12)

where 60 = SUpyc x, [18ii(X))llp;-
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e The cost function Ji(%i(t; th), u;(t; t)) is allowed to be any
convex function, such as a quadratic function

Ji&i(ts £, (s ¢))

T
= [ s g + it )l s
0

+ & + T3 tD, (13)

with @; = 0, R, = 0,and P, = 0, or a linear function
ji()?i(t), u(t)) = fOT ax;(s) + Bu;(s)ds with the weighting
vectors « and B. In practice, the choice ofji is based on
practical performance requirements.

The function H;(X;(t; t]), Gii(t; t)) is defined as

Hi(%(t; t]), wi(t; £))

(T
- f (s EDIZ, + Nis: €12 )ds
q
+ IR+ T2 DI, (14)
where Q; > 0, R; > 0, and P; > 0. In addition, P; is the
solution of the Lyapunov equation AST,P,» + PAsi = —Q;.
e The feasible control input candidate u;(t; t]), r > 0 is con-
structed as
e, telth tf 4TI,
Kix(t;th), telt "+T,tf +Tl,

 __

ui(t; t;) = (15)
where the feasible state trajectory is subject to nominal
system dynamics (5) with x;(t; t/) = x;(t]).

Remark 1. The designed dual-model OCP in (10) is distinct from
the conventional ones in the following three noteworthy aspects.

(a) Compared with the conventional OCPs in Alessio et al.
(2011), Jia and Krogh (2002), Liu et al. (2014), Ma, Liu,
Zhang, and Xia (2020), Magni and Scattolini (2006) and
Shalmani et al. (2020) that only employ a single predic-
tive model (the nominal dynamics in (10b) or the coupled
dynamics in (10a)), the most significant difference is that
the two predictive models are both considered. Such a
dual-model OCP enables us to separate the performance
guarantee and constraint satisfaction. That is, the perfor-
mance is guaranteed by finding the control inputs such that
the cost function J; subject to the coupled dynamics (10a)
is minimized, and the constraints subject to the nominal
dynamics (10b) are checked under the same control inputs.
In this way, the control parameters design is simple and the
control performance is relatively good.
Compared with previous works on coupled systems, such
as Dunbar (2007), Liu et al. (2020) and Zhou et al. (2022),
some constraints, in which some parameters require to be
designed to satisfy some stringent conditions, are avoided
in the OCP (10). One may note that a stability constraint
is introduced, however, it can be trivially satisfied without
any extra conditions, which is shown in Section 4.2. In this
way, the DMPC algorithm is much simpler in design.

(c) The stability constraint (10g) in the OCP is added to re-
duce the conservativeness in stability analysis. Indeed, the
optimal cost subject to the coupled dynamics serves as a
Lyapunov function in many works (Dunbar, 2007; Mirzaei
& Ramezani, 2021). However, due to the coupling influ-
ences in the predicted model, the analysis of the difference
in the optimal cost J; between two successive updates is
quite conservative, leading to conservative sufficient con-
ditions for ensuring stability. Therefore, we construct the

(b

=
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function H; as the Lyapunov function candidate and im-
pose the stability constraint (10g) on it to solve the above
challenge.

Remark 2.

(a) The stability and performance can be decoupled by the
dual-model strategy. As a result, stability no longer de-
pends on the cost function J;. Therefore, any arbitrary
quadratic function is allowed. In practice, the choice of
Ji is based on practical performance requirements. For
example, in simplified adaptive cruise control (Lm Gorges
& WeiRmann, 2017), it is chosen as J; = fo ai(s)*ds for
driving comfort and energy efficiency where a; = u; is
the acceleration, and in the control of room temperature
in summer scenario (Dai, Qiang, Sun, Zhou, & Xia, 2020),
it is chosen as J; = fOTa|;?i(s) — xi.4| + Blui(s)|ds for the
degree of comfort to the indoor temperature and the cost
of power.

(b) The function H; is proposed to ensure the stability, the
choice of which is restricted. Once the weighting matrices
Q;, R; are given, Q; = Q; + KiRiK; is determined, and then
P; can be obtained by solving the Lyapunov equation (A; +
Bi1<,')TPi + P;(Ai + BiKi) = —Q;.

3.2, Rolling self-triggered mechanism

The actual state trajectory (1) and the nominal one (5) of sub-
system i are both generated by employing control input #;(t; t]).
However, the ignorance of coupling terms and external distur-
bance in dynamics (5) causes state error between x(t) and X;(t; t]).
The following lemma formulates this deviation, which is a prereq-
uisite for the design of the self-triggering mechanism.

Lemma 3. For each subsystem i, if the actual system (1) and the
nominal one (5) are both controlled by the control input U} (t; t]),
then actual state predictive error ||x;(t) — Xi(t; t] )|, is bounded by

‘i‘_l‘i‘gu( Ly, (t— th)

xi(t) — Xi(t;
lIX:(t) — xi( L

t)llp; =< — 1), (16)

where t € [t], t] +T].

Proof. The proof can be easily completed by using Gronwall-
Bellman inequality, and thus omitted.

Considering the recursive feasibility of the OCP, it is required
that the actual state trajectory does not deviate far away from the
nominal state trajectory. To that end, conventional self-triggered
mechanisms, such as Eqtami et al. (2013), Hashimoto et al. (2014)
and Sun et al. (2019), use the estimated state predictive error
and a triggering threshold to design the triggering condition as
follows

&+ eij(eLfi(t—tir) C 1) = (5 — ey
Ly, (17)

=: (1),

where ¢(t) is a time-varying triggering threshold that is designed
to guarantee the recursive feasibility. The design of ¢(t) can be
seen in Section 4.2.

Solving (17) yields the triggering instants as follows

(! =inf{t : ¢ > ¢, (17)). (18)

Using the upper bounds of coupling terms and disturbances
to evaluate actual state predictive error leads to a conservative
result since the actual coupling terms and disturbances cannot
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x(t—t)

actual error 910)
>t = t
th g t &
(@) (b)
x(E—1t)

x(t =)
/ / { actual error

actual error 10

Rt

(©) (d)

Fig. 1. Rolling self-triggered mechanism. (a) At triggering instant t], the 1st
sampling instant £ is determined by (21). (b) At £}, the current state x;(£!) is
measured and the actual value of [|x(t!') — X(t!; t/)lp, is obtained. (¢) x(t — &)
is calculated by (19), and the next sampling instant £ is determined by (21).
(d) The process in (b) and (c) is performed repeatedly until the stop condition
in (22) is satisfied, and the next triggering instant t”rl is determined by (23).

be obtained. As a result, the triggering determined by (18) is
frequent.

To overcome this drawback, we add some sampling of the
states in a rolling manner to obtain a less conservative evaluation
of the actual state predictive error. To be specific, we first define ;
as the sth sampling instant after ¢/, i.e., f > ], tl0 =t/,s e At
each sampling instant £, the current state xi(t}) is measured and
the actual value of ||x;())—Xi(t’; t])l|p, is calculated. Based on this
actual value, a more accurate evaluation of ||x;(t)—Xi(t; t])llp, t >
t can be obtained, and based on which, the next sampling in-
stant t”] is then determined by the conventional self-triggered
mechamsm. The whole process is illustrated in Fig. 1.

In the following three parts, we explicitly formulate the pro-
posed rolling self-triggered mechanism.

Firstly, we evaluate |[x;(t) — Xi(t; thllp, t > t by using the
actual value of ||x,(t5) — Xt 23 t))|lp; in Lemma 4.

Lemma 4. For each subsystem i, the predictive error between x(t)
and X(t; t) is bounded by

Ix(t) = &i(E; t)llp, < I%(E) — K(E; €)™
+ ‘i:i + Qtj(el_fi(tftis) B _1)
Ly
= x(t =), (19)

where t € [t/,tf + T1, £ € [t],t], and x(t — t]) represents the
evaluation of the actual state predictive error.

Proof. According the actual system dynamics (1) and the nominal
one (5), we obtain

I(6) = (6 )l
ﬂﬂ@+ﬂ@@@u@

S+ ) gilx(s))

jenj!
T wils))ds — R(E: £F) /ﬁ&@q,(;mmh

<IIxi(&) — Xi(E e, + (05 + &)E — &)
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+ [ LfiHX,'(S)—;(i(S; tir)”ds

i

- .- s i + 0 B
<I(E) — 5B e 4 S et )

fi
where the last inequality uses the Gronwall-Bellman inequality.

Secondly, we determine the sampling instant ff by using the
conventional self-triggered mechanism. Specifically, the update
condition is designed as follows

. oy, G0
I%i(E) — Ri(E: €)1 + —g’L It — 1)

fi
= (& — aey)e 0D 10 =T (20)
By virtue of (20), the sampling instant ff“, s € Z is deter-
mined by
bl ) _
£ =inf{t : t > £, (20)}. (21)

Thirdly, we establish the stop condition of sampling, which
also determines the next triggering instant ¢/ *1. The main idea is
that if two successive sampling instants ff and ff“ are sufficiently
close, the state predictive error ||x(£’) — X(t’; t])|lp, may be close
to the triggering threshold ¢(t) in (17). Therefore, we simply set
t/*! = t5. Moreover, the constraint t/ "' < ¢/ 4+ T should also be
satisfied. In summary, the stop condition is set by
fis+1

<8 or BNt >T, (22)

1

and the next triggering instant is then determined as follows:

s if 7s+1 s
tr+l_ ti’ lfti _ti < 6,

_ (23)
' t+T, ifeT —t >T,

where §; is the minimum sampling interval for each subsystem i.

From triggering instant t], the sampling process is carried
out with the initial condition f? = t] until the stop condition
in (22) is satisfied. This sampling process enters the next cycle
starting from ¢/ *+1. The sampling instant is determined based on
the conventional self-triggered mechanism in a rolling manner,
thus the name of “rolling self-triggered mechanism”. Obviously,
the conventional self-triggering mechanism is a special case of
the proposed rolling self-triggered mechanism. Therefore, the
propose one can save communication resources more efficiently.

Algorithm 1 Rolling Self-Triggered DMPC Algorithm

1: At time t = 0,setr = 0,s = 0, = 0, x/(t;t/) = O,
flag = 1, solve the OCP in (10), and determine the next
sampling instant ff“ according to (21), go to step 5.

2: At any time t > 0, if x(t) € ¢(¢), apply control input Kx(t)
and go to step 2. Otherwise, go to step 3;

3:If t = ¢, set flag = 1, construct the assumed states
x;‘(t; tl),j € M} according to (11); solve the OCP in (10) and
transmit X/ (t; /), t € [t], t} +T] to downstream neighbors
j.j € N set initial sampling instant {0 = t, s = O0;
determine the next sampling instant ff“ according to (21)
and go to step 5. Otherwise, go to step 4;

4:1f t = ¢, determine the next sampling instant
according to (21). Otherwise, go to step 6.

5: Check the stop condition (22). If it is satisfied, determine
the next triggering instant ¢/ *1 according to (23), and set
r =r + 1, flag = 0. Otherwise, set s =s + 1;

6: If flag = 1, apply the control input & (t; t]), and go to step
2. Otherwise, apply i} (t; ti”l), and go to step 2.

7s+1
=
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4. Analysis

In this section, the theoretical results are given by the fol-
lowing three theorems. Firstly, Theorem 1 states that the Zeno
behavior is avoided by the designed Algorithm 1. Secondly, the re-
cursive feasibility is analyzed in Theorem 2, followed by stability
analysis in the third one.

4.1. Avoidance of Zeno behavior

Theorem 1 states that there always exists a lower bound of
the triggering interval, which means the designed algorithm is
Zeno-free.

Theorem 1. For the system (1) with Algorithm 1. If
1 1 — aj)eily,
“ln ( 1) iLf;
Ly, & + 0

is satisfied, then the minimum triggering interval A;, ie., A; <
infen{t/ T —t7), is

<T (24)

1 etiT
Ai=—In——. (25)
Lf eLfiT _ (lfcxi)s,‘Lfi
: §itbij

Proof. Observed from (23), one can easily obtain that ti’“ > fl.‘.
Substituting f = t? into (20) yields

&+ Gij(eLfi(t—E?) — 1) = (5 — aney)e T,

Ly
Solving the above equation and considering fl-o = t/, we can
further obtain f' — ¢/ = A;. Therefore, t/*! — ' > ¢! — (I,

ie., inf,eN{t{“ —t]} > A; holds. This completes the proof.
4.2. Recursive feasibility analysis

The recursive feasibility guarantees that the solution of the
local OCP always exists for each subsystem i, (i € M) at each
triggering instant provided that an initial feasible solution at tio =
0 is available. In the following, we first give an initial feasible
assumption of the local OCP.

Assumption 5 (Ma, Liu, Zhang, & Xia, 2020). The local OCP of
each subsystem i, (i € M) is feasible at initial time and ¢;(&;) C
X © Bi(T).

Theorem 2. For system (1) with Assumptions 1-5. If the prediction
horizon is chosen as

1 1 — aj)eily,
< ( Dlz)Efo, — (26)
f 4oy
(& + 0p)(1 — o, @

then OCP in (10) is recursively feasible.

Proof. This proof is conducted by induction principle. Firstly, OCP
is feasible at tio = 0. Secondly, suppose that OCP is feasible at
t[’l, r > 1,i € M. Then, we need to prove that the OCP is
also feasible at t/. To prove this, we require to show that the
control input candidate u;(t; t]) in (15) and the corresponding
state X;(t; t) satisfy constraints (10d)-(10g).

(1) The satisfaction of the tightened constraint (10d), i.e., X;(t; )
€ XOB(t—th), t e[t/ t!+T]: Whent e [t/ /"' +T], based
on the constructed control input u;(t; t), we obtain

S 5 -1
Ixi(t; &) — Xt 6] )l
S

IR )+ / F(s: ). E(s: €1 ))ds
t-r
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— &g = | A (N, (s ()l

i . i
G

5 1
<|Ixi(t]) — X(t5 £ llp,
N

+ / Lillxi(s: t]) — &i(s: ¢~ 1)l ds
g
Applying the Gronwall-Bellman inequality yields
I%i(Es ) — Xi(ts 6]~ )llp
< lx(t)) = Rt} s 6l €. (27)
By virtue of (16), it follows that [[x(t]) — &i(t/; t/~")llp, < x(t —

_ 0 _ =1
t ) = 's’:rT"(eLfi([ir %) _ 1), and then
i

IXi(t; ) — &i(t; ¢ I,
_ st
a

1

r—1

(eLfi(r—ri ) _ eLfi(t—t[)).

Since %i(t; t/ ') € X;©Bi(t —t/ "), we have x(t; t) € X; © Bi(t —
. . r—1 r
(@ (T — ) ¢ x4 o Bt — £]).

1
When t e [t 7' +T, tf +T], we will show that (t; t) € ¢i(e;),
which implies that x;(t; t]) € X;©B8;(t—t]) holds by Assumption 5.
In view of (16), (20) and (23), it follows that
Ixi(t]) = (el s ¢ Dl

e ST -1 GRS
<IXi(E) = R(E5s " llpy e

L& ;Qij(eqi(f{—ff) _1
l 1

-, (28)

where £’ is the latest sampling instant before ¢].
Substituting (28) into (27), we can also obtain

r_r—
=(e; — oy )il 4

- A —_ _r_l_
IXi(t; €)= Ri(t; €7 lp < (1 — cigy)e i D) (29)

Therefore, by setting t = t/ ' + T, it follows ||x;(t] ' + T; /) —
)Ac,-(ti”1 +T; tl.r’1)||pi < (& — a4&;). Using the triangle inequality
yields [x(t/ ™" + T; t)llp, < &, that is, X(t/ ' + T;t) € $ile),
which allows the state feedback control Kix; to be used. According
to Lemma 1, x,(t; t]), t € [t,-r’1 + T, tf + T] will remain in ¢;(e;).

(2) The satisfaction of the terminal constraint (10e), i.e., X;(t] +
T;tf) e #i(aig;): Since )'c,-(ti”1 +T;t]) € ¢i(e;), Lemma 1 is valid,
one has Vi([IXi(t; tD)llp) < —lIXi(t; £)|2 for t € [¢7" + Tt/ +
T]. Applying the comparison principle, we further obtain that

Amin(Q) r—1
(IXi(t; t{)ll,%i < X+ T t[)ll,z,ie_ “max%’i)(t_t" ", Therefore,

: r . s 2 5 =@ r o)
setting t = ] + T yields [IX(t] +T; ¢))lp, < &j'e Zhmax(P) i
By using t] — t™=1 > A, (25) and (26), we finally obtain Ix:(¢] +
T; ti’)||,2,i < (xizsi .

(3) The satisfaction of the control constraint (10f), i.e., ui(t; t]) €
Ui, t € [t], t] + T]: From the construction of u;(t; t) in (15), one
obtains u(t; ) = ¥ (t; /") € Uy, t € [ 1, /7" + T In view
of )'ci(t{‘l +T;t]) € ¢i(e;) and Lemma 1, u(t; t]) = Kx(t; t]) €
Ut e[tf T+ Tt +T].

(4) The satisfaction of the stability constraint (10g), i.e., Hi(x;(t;
t), ui(t; 1)) < Hi(xi(t; t]), ui(t; £)): This holds naturally. This
completes the proof.

From the above analysis, we can see that the recursive feasi-
bility can be guaranteed if only one sufficient condition (26) is
needed. Compared with previous work, the proposed dual-model
strategy is much simpler in design.

Remark 3. To guarantee the recursive feasibility of the OCP,
initial feasibility is needed. To this end, many works assume that
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there exists an assumed state trajectory xj‘?(t; 0), j € N such
that the solution of the OCP exists at the initial time because the
feasibility depends on the coupled model, see, e.g., Dunbar (2007),
Kang et al. (2022) and Liu et al. (2020). In this regard, the initial
assumed state trajectory xj‘?(t; 0), j € N} requires to be chosen
carefully to ensure that the solution of the OCP exists. However,
such a requirement is avoided in the proposed strategy because

the feasibility depends on the decoupled model.

Remark 4. According to (24) and (26), the prediction horizon T
can be determined once the control parameters «; and ¢; are se-
lected. In practical implementation, we want a larger T to ensure
the feasibility of the OCP. However, it can be observed from (20)
that a larger T gives rise to a smaller triggering threshold, which
implies that triggering is more frequent. Therefore, we should
choose T carefully.

4.3. Stability analysis

This part establishes the sufficient condition for the stability
of the overall system.

Theorem 3. For the overall system (3) with Assumptions 1-5, if
the following two conditions

LodmaVQ) o aen)
Lf,-)\min(\/ﬁi) (6i — aiei)(1 — e )
232 )Lmin(Qi) a2
+ (1 —o)ef < )\max(Pi)A'(alsl) (30)
L (p=1/20 p—1/2

2

are satisfied, then the overall system state will converge to the robust
positively invariant set ¢(e) under Algorithm 1.

Proof. First, we show that for each subsystem i, x;(t), x;(t) ¢
¢i(e;) will enter into ¢;(g;) in finite time. The Lyapunov function
candidate is chosen as

Vi(t]) = Hi(&(t; &), u7 (€5 67)). (32)
Due to the stability constraint in (10g), we have Vl-(t{)—vi(t[‘l) <
HiXi(t; ), ti(t; £])) — Hi(&(e; 1), T3 (65 677 1),

According to (14) and (15), one obtains

Hi(xi(t; 1), W(t; t)) — Hi(ki(t; 70, (e 1)

1

=a+b+c, (33)

A _ - _ THLES

where a = — [ (IR(s: 6 Dlig + lds: DI )ds. b=
_ ~ _ tr+T _

(s €I, — IR 6 I3)ds. and ¢ o= [l (IR(s; I, +
lTi(s; )17 )ds + 1%t + T5eDIF — 1%t~ + T; 613 For
s € [t/ t7], one can obtain [x(s) — Xi(s; tf Mo < (1 —
a;)e; according to (28). Since x;(t) ¢ ¢i(e;), then it follows that
IRi(s; €/ Mg, = IRi(s; 7 Ml — I%(s) — Xils; € Do, > e

Therefore,
A Amin(Q)

as—/ (s: €12, )ds <= 22D 4 e, (34)
(=1 )\max(Pi)

According to Paulavi¢ius and Zilinskas (2006), there always

exist constants Lo, and Lp, such that [|x[I§, — IlylI§, < Lo IX = ¥llo,
and ||x||,2,i — ||y||,2,i < Lpllx —yllp, for all x,y € A;,i € M. Thus, b
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can be calculated as
r—1

tl +T
bf/; Lo (I1%(s: €]) — &i(s: £ ") llg,)ds

i

29 qT Jmax(Qi) Ly (s—t] ~'=T)
<29 / Lo (si — aye)eiC™ s
o )Lrnin(Pi)
< Q‘LX(Q')(&' — aei)(1 — 47Ty, (35)

- Lfi)hmin(Pi)
Considering Lemma 1, it follows that

¢ <X+ T )3, — 1%t +T: )13,

— IR+ T3 D3 — 1%+ T 7))
<1 — a?)el. (36)
Combining (34), (35) and (36), we obtain
Vi(t)) = vi(ef ")
<_ mm((P ;A (aigi) + Lpi(é‘,' — oE)
max
LQJ)\-maX(QJ)( — (1 — ol (4i- T))
Lf, mm(P)
<0,

By using the same argument as the Theorem 1 in Chen and
Allgdwer (1998), the state x(t) ¢ ¢(e) will enter into ¢(e) in finite
time.

Second, we show that the overall system state will stay in
¢(¢) forever. From Lemma 2, the derivation of x(t)TPx(t) along
the system trajectory X(t) = F(x(t), u(t)) + w(t) yields

Vi (X(E))|x()=F(x(0), Kx(t))+-w(t)

2[[w(®)llp
—x(EON* (B8 — _
A =T =T TS R
<Y,

which implies ¢(¢g) is a robust positive invariant set. This com-
pletes the proof.

Remark 5. Theorems 2-3 establish the sufficient conditions for
guaranteeing the recursive feasibility of the OCP and the stability
of the overall systems and also provide guidance on control
parameter selection. In practical implementation, one can follow
the following steps to determine control parameters.

(i) Choose matrixes Q;, R;, and P;, i € M and determine the
terminal set ¢;(&;) according to Lemmas 1 and 2.

(ii) Calculate & and 6; based on system dynamics, and then
choose an appropriate «; to determine the predictive hori-
zon T and the minimum triggering interval A; according to
(24)-(26) and (30).

5. Simulation example

This section verifies the effectiveness of the proposed self-
triggered DMPC strategy by applying it to three similar cart-
spring-damper subsystems (Liu et al., 2014).

The dynamics of three subsystems are described as:

X11(t) = x12(t)
Xip(t) = —%Xu(t) - %e—x11(r)x]](t)

— K (xq1(6) = %21(6)) + Ty 4 wy(t)
X21(t) = X2o(t)

. k. k —
Xpo(t) = —Xxa(t) — B xy (1)
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Fig. 2. The state trajectories of each cart.

— % (a1(t) — x11(6)) — K (xa1 (1)
— x31(6)) 4+ T uz + wa(t)
X31(t) = x32(t)
X3(t) = —kfdxsz(f) - ﬁe_m(t)?%l(f)
— K (x31(t) — x21(6)) + Luz + ws(t)

where x;1 and x;; are the displacement and the velocity of cart
i(i = 1,2, 3), respectively. m is the mass of each cart; k; and
ks are the local viscous damping and the stiffness of the local
nonlinear spring of each cart, respectively; k. is the stiffness of
the interconnecting spring; u; is control input; w; is external
disturbance. The numerical values for each cart are selected as:
m = 1.25 kg, ks = 0.7 N/m, ks = 1.3 Ns/m, k. = 0.005 N/m.
The external disturbance w; = 0.0027, i = 1,2, 3. The state
and control input constraints are &; = {x; : —1m < x;; <
1m,—1m/s < xp < 1m/s} and o = {y; : —IN < uy; < 1IN}
The initial states of the three carts are x;(0) = [0.5, 0], x,(0) =
[0.5, 0], and x3(0) = [—0.55, O].

To conduct Algorithm 1, the sampling interval §; = 0.1s,

i = 1,2, 3. The weighted matrices are simply set as Q; = Q; =
02 O = 01 O . .

Ri = R = i = 1,2,3. According to

0 02f 0 0.1f
Assumption 3, K; = K3 = [—0.8752 —1.1245], K, = [—0.8724 —
1.1230] can be calculated by LQR. In view of Lemmas 1 and 2, it

is obtained that Py = P; = 131 = 133 = 8%?)5192 g}ggg} Py =

B — 0.2911 0.1091

2= 10.1091 0.1404 |’
Assumption 2, Ly, = 2.5, = 1, 2, 3. According to Theorems 1-3,
we can choose «; = 0.97 and the prediction horizon T; = 0.7s,
i=1,2,3.

The simulation results are shown in Figs. 2-5 . The state (dis-
placement, velocity) and control input of each cart are depicted
in Figs. 2-3, from which we can see that the closed-loop system
is stable and the state and control input constraints are satisfied.
The triggering instants of each cart under the conventional self-
triggered mechanism (Eqtami et al., 2013; Hashimoto et al., 2014;
Sun et al.,, 2019) and the proposed algorithm are shown in Figs. 4
and 5, respectively. The total number of triggering can represent
the consumption of the communication resources. It can be seen
that among 10 s, the total number of triggering are 12 in Fig. 4,
while 6 in Fig. 5, respectively. The average computation time of
conventional self-triggered mechanism and the proposed algo-
rithm are 2.0247 s and 1.8023 s, respectively. We can see that the

and g; = 0.19,i = 1, 2, 3. Then, from
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Fig. 3. The control input trajectories of each cart.
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Fig. 4. Triggering instants under the conventional self-triggered mechanism.

proposed algorithm can save communication and computation
resources more efficiently. To show the advantage of the pro-
posed strategy in control performance, we compare the control
performance of the proposed strategy with single nominal model
strategy and the periodic triggering strategy. Define the following
performance index

3,10
I= ;/0 (”Xi(t)”él_ + ”ui(t)”;gz,-)dt

The value of J under the single nominal model strategy, the
proposed strategy, and the periodic one are 2.6393, 2.6391, and
2.6148, respectively. Clearly, the performance obtained with the
proposed strategy is better than the single nominal model strat-
egy, and is close to the periodic one. Note that the coupling
influences are weak, therefore the performance improvement is
not significant. The strong coupling between subsystems will be
further studied.

6. Conclusion
A rolling self-triggered DMPC strategy has been proposed for

large-scale dynamically coupled systems. By implementing this
strategy, the complexity of the DMPC algorithm design has been
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(€] b

O.K)T ]
0 . . . . . . . . .

Fig. 5. Triggering instants (blue line) and sampling instants (red line) under the
proposed algorithm. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

reduced while maintaining good control performance on the one
hand, and on the other hand, the communication burden has been
reduced significantly. We have established the sufficient condi-
tions for the recursive feasibility of the proposed algorithm and
the stability of the overall systems. Finally, simulation examples
have been conducted to validate the effectiveness.
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